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Primordial Gravitational Waves, i.e. a background of metric perturbations sourced by the quan-
tum inflationary fluctuations, if measured, could both provide a substantial evidence for primordial
inflation and shed light on physics at extremely high energy scales. In this work we focus on
their propagating speed. Using an effective field theory approach we introduce a time-dependent
propagating speed cT(t) showing that also small deviations from the General Relativity (GR) pre-
diction cT(t) = c can lead to testable consequences. We derive a set of equations that relate
the propagating speed and its time dependence to the inflationary parameters and that general-
ize the usual slow roll consistency relations. Imposing the new generalized consistency relations
and combining small and large scales data, we derive model independent constraints on inflation
with non-trivial primordial tensor speed. In particular we constrain its scale dependence to be
d log cT/d log k = 0.082
+0.047
−0.11 at 68% C.L. while we only derive the lower bound cT > 0.22 c at
95% C.L. . We also constrain the tensor-to-scalar ratio at the pivot scale k∗ = 0.05Mpc−1 to be
r < 0.0599 at 95% C.L. in agreement with the result provided by the Planck collaboration. Thanks
to a proper small scale parameterization of the tensor spectrum we derive stringent constraints on
the tensor tilt nT = −0.084+0.10−0.047 at 68% C.L. and on its runnings αT = dnT/d log k = 0.0141+0.0035−0.021
and βT = dαT/d log k = −0.0061+0.010−0.0014 both at 68% C.L. Our results show a remarkable agree-
ment with the standard slow roll predictions and prove that current data can significantly constrain
deviations from GR on the inflationary energy scales.
Keywords: Inflation, primordial gravitational waves, General Relativity, Inflationary Parameters, Cosmic
Microwave Background.
I. INTRODUCTION
Primordial Inflation [1], a phase of accelerated expansion of the early universe, can not only solve all the Hot Big
Bang Theory shortcomings, but it can also make some predictions. In fact, the quantum inflationary fluctuations
can both explain the scalar perturbations observed in the Universe and predict a background of metric perturba-
tions, known as Primordial Gravitational Waves (PGWs) [2–9]. The detection of B-modes in the Cosmic Microwave
Background (CMB) polarization originated from the inflationary tensor modes and, in general, the detection of the
PGWs is one of the most important goals of modern cosmology since they can both provide a substantial evidence for
primordial inflation and shed light on its physical nature [10–13]. At least in the simplest models, the total amount of
PGWs is proportional to the energy scale at which inflation occurs and a satiable background of PGWs is expected at
sufficiently high energy scales [4, 5, 7–9, 13–16]. PGWs can therefore provide information about the theory of gravity
at extremely high energy and consequently they can be used to test General Relativity (GR).
In the recent years the bound on the amplitude of PGWs from CMB data, parametrized through the so-called
tensor-to-scalar ratio r, has witnessed significant improvement. An upper limit r0.002 < 0.056 at 95% C.L. has been
provided in the last data release of the Planck collaboration [17] combining Planck and BICEP2/Keck array (BK15)
data [18]. An improvement of an order of magnitude with respect to the first constraints from the BICEP experiment
of r < 0.72 at 95% C.L. [19]. In the upcoming decade, a new generation of CMB experiments (e.g. BICEP3 [20],
CLASS [21] , SPT-3G [22], Advanced ACTPol [23], LBIRD [24] and CMB-S4 [25]) is expected to bring the sensitivity
to the amplitude of tensor perturbations down to r ∼ 0.01− 0.001 improving the current Planck upper limit around
an order of magnitude and possibly leading to the first detection of non-zero tensor amplitude. However these bounds
on the tensor amplitude are derived assuming the usual consistency relation between the tensor spectral index nT
and the tensor-to-scalar ratio, namely nT = −r/8, basically leading to an almost flat tensor spectrum. In practice the
consistency relation between r and nT is violated in many (non standard) models of inflation1 and in most of them
∗ william.giare@uniroma1.it
† renzi@lorentz.leidenuniv.nl
1 For example one can consider a mechanism of sourced gravitational waves form a rolling spectator axion coupled with gauge fields during
inflation [26–30], or even more elaborated scenarios [31, 32].
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2it is no more possible to fix the energy scale of inflation from a direct measurement of the tensor modes amplitude.
Moreover, when the inflationary consistency relation is relaxed (i.e. nT 6= −r/8), Planck data only weakly constrain
the tensor tilt nT to be −0.55 < nT < 2.54 [17]. Combining CMB data with ground-based gravitational waves
interferometers data, the upper bound on the tensor tilt is further improved to nT < 0.52 [17].
In fact, along with B-modes polarization, primordial gravitational waves may also imprint the so-called stochastic
gravitational waves background, the analogous of CMB for gravitational waves [33]. While a direct detection of
the stochastic background has not yet been provided, the first and second observing runs of the LIGO/VIRGO
collaboration placed an upper bound on its amplitude for the scales kLV ∈ (1.3− 5.5) ,×1016 Mpc−1 i.e.
ΩGW(kLV) ≤ 1.7× 10−7. (1)
at 95% C.L.[34, 35]. Assuming that the power law approximation for primordial spectra is valid from these ultra-high
k all the way up to the CMB scales 2, the LIGO/VIRGO constraint on the amplitude of the stochastic background
can be translated into constraints on the primordial tensor modes [17, 31, 37, 38].
In fact the fraction of the energy density of the universe due to PGWs at the present time and at a given scale
k = 2pi f is [17, 31, 37, 38]
ΩGW(k)
.
=
1
ρc
dρGW
d log k
=
PT(k)
24zeq
(2)
where PT is the primordial tensor spectrum at the scale k and zeq ∼ 3400 is the redshift at the matter-radiation
equivalence [17].
For a power-law tensor spectrum and taking PT (k∗) = rAS where AS is the amplitude of scalar perturbation
at k∗ = 0.05 Mpc−1, one can translate the upper bound on the stochastic background from LIGO/VIRGO into a
constraint on the tensor tilt i.e.:
nT <
ln
(
24 zeq ΩGW(kLV)
r AS
)
ln
(
kLV
k∗
) . 0.5 (3)
where in the last inequality we took the scalar amplitude to be AS = 2.1 × 10−9 and r ∼ 10−2. Next generation
of gravitational waves probes (such as LISA [39] and Einstein Telescope [40]) are expected to bring this upper limit
down by a factor of ∼ 2 (see figure1) 3.
However in [29] we have recently shown that these kinds of analysis require some precautions. Due to the huge
difference in the scales proved by CMB and GW data, non-linearities may significantly affect the shape of primordial
spectrum possibly breaking the power-law assumption. When non-linear corrections are considered the higher-order
terms in the primordial spectrum (i.e. the runnings [42, 43]), even if tiny on CMB scales, may lead to non-negligible
corrections on smaller scales where the amplitude of PGWs is proved by gravitational interferometers and cannot
be ignored when constraints are derived from such data. Depending on the model, the inclusion of the higher order
corrections can also significantly improve the constraints shown in Fig. 1.
The increased precision in the constraints on the primordial tensor modes from the current (and future) small and
large scales experiments opens up the possibility of probing the physics of inflation with primordial gravitational
waves, testing deviations from the standard slow roll predictions as a hint for new physics. It is therefore timely to
investigate which constraints one can obtain from current CMB and GWs data on inflationary models that can lead
to deviations from the standard inflationary consistency relations.
In this paper we focus on models with a non-trivial propagating speed of primordial gravitational waves. In GR
the propagating speed of the gravitational waves, cT, is the same as the speed of light c. Thus, working in the natural
units, one can set cT = c = } = 1. However, this cannot be true in more elaborated modified gravity theories such
as Horndeski theory of gravity [44–49], the Gauss-Bonnet gravity [50–54], and also the low-energy effective string
theory with higher-order corrections [55–66]. Even if the propagating speed of the astrophysics Gravitational Waves
is measured from the ground-based interferometers and it is in good agreement with the speed of light [67–69], the
propagating speed of the cosmological primordial gravitational waves, albeit previously discussed in literature [70–76],
is currently essentially unconstrained. This because the lack of a direct detection of the tensor spectrum makes it
2 It is worth noting that the Planck collaboration has shown that the assumption of a pure power law for the primordial spectrum is
valid at least between the scales proved by Planck data i.e. 0.005 Mpc−1 . k . 0.2 Mpc−1 where primordial perturbations are linear.
We also note that recently it has been shown that bounds on the stochastic background can be derived on CMB scales from CMB data
alone assuming that gravitational waves behave as an effective neutrino species [36] i.e that PGWs effectively contribute to the total
number of relativistic species at recombination [36, 37]
3 We assumed LISA to have a sensitivity to the stochastic background ΩGW(kLisa) ' 1× 10−12 on scales kLisa ≈ 1× 1013 [38] while for
the Einstein Telescope we assumed a sensitivity of ΩGW(kET) ' 3× 10−13 on scales kET ≈ 5× 1015 [41]
3Figure 1: Small scale constraints in the plane (r , nT) derived by Eq.(3) under the assumption that the power law
spectrum holds from the CMB scales all the way up to the small scales probed by the ground based interferometers.
The red region is excluded at 95% C.L. by the LIGO/VIRGO limit (1) represented by the red solid line in the
figure. The green colored regions instead can be probed by the next generation small scale experiments.In particular
the dark green region represents the sensitivity of LISA [39] (green dashed line) and the light green region the
sensitivity of the Einstein Telescope [40] (solid green line)
difficult to constrain the PGWs propagation with high precision. Nevertheless, any deviation from a constant cT = 1
would imply new physics beyond GR, so constraining the propagating speed of PGWs and its time dependence means
to test gravity literally at the earliest moments of time when inflation takes place and the primordial tensor modes are
generated by the quantum inflationary fluctuations. Using an effective field theory approach, we introduce a generic
time-dependent propagating speed cT(t) and, under the assumption of slow roll inflation, we show that also small
deviations from the GR condition cT = 1 can leave testable consequences in the inflationary parameters. In particular
such models may lead to blue tilted tensor spectrum and affect the small scale behaviour of tensor anisotropies. In
the following, we derive a set of equations that relate the propagating speed to the inflationary parameters and that
generalize the usual slow roll consistency relations that are in fact recovered when the GR prescription cT = 1 is
restored. Imposing the new generalized consistency relations and combining the CMB data together with the small
scales data on the stochastic background of Gravitational Waves, we are able to provide model independent constraints
on the inflationary parameters. The paper is organized as follows: in section II we review the theory of the tensor
inflationary fluctuations allowing the possibility to have a non-trivial time dependent propagating speed cT(t) during
the inflation. In section III we investigate the consequences of the non-trivial propagating speed on the inflationary
parameters. We derive a set of equations that generalize the usual slow roll consistency relations and that relate cT(t)
to the tensor spectral parameters. The modified consistency relations provide a powerful method to constrain the
propagating speed and its time dependence allowing us to test gravity on the inflationary energy scales. In section
IV, imposing the generalized consistency relations, we first derive some constraints using the most recent CMB data.
Then we derive other constraints from small scale experiments on gravitational waves. Finally we combine the CMB
and the small scale constraints improving the final results. In section V we present our conclusions.
II. THEORY
In this section we briefly review the theory of the primordial tensor perturbations during inflation [9, 77–82]
introducing a non-trivial propagating speed cT(t). We perform an approach based on the effective field theory of
4inflation (EFT): the action for the single field inflation in the unitary gauge is [82–85]:
S =
M2p
2
∫
d4x
√−g
[
R− c1(t)− c2(t)g00 −
(
1− 1
c2T(t)
)(
δKµνδK
µν − δK2)] (4)
where M2p =
1
8piG , c1(t) = 2
(
H˙ + 3H2
)
, c2(t) = −2H˙ and Kµν and is the extrinsic curvature of the spatial slices.
Here a dot denotes the derivative with respect to the cosmic time x˙ ≡ dxdt . Note that in the standard slow roll case
(cT = 1) the part of the action involving the extrinsic curvature vanishes and we recover the standard action in the
unitary gauge. Moreover a non-trivial propagating speed cT(t) does not affect the spectrum of the scalar perturbation.
Therefore we can consider only the tensor perturbations whose quadratic action reads:
S(2)γ =
M2p
8
∫
dτ d3x
a2
c2T(t)
[(
dγij
dτ
)2
− c2T(t)
(
~∇γij
)2]
(5)
where a(t) is the scale factor, dτ = dta(t) is the conformal time and γij is transverse and traceless: γii = 0 and ∂iγij = 0.
We expand γij in the Fourier series:
γij(τ,x) =
∫
d3k
(2pi)3
e−ik·x
∑
p=+,×
γp(τ, k)a(p)(k)λ
(p)
ij (k) + h.c. (6)
where the sum is over the polarization states p = (+,×) and the polarization tensor λpij(k) satisfies the usual conditions
kjλ
(p)
ij (k) = 0, (7)
λ
(p)
ii (k) = 0 (8)
λ
(p)
ij (k)λ
∗ (p′)
ij (k) = δpp′ (9)
λ
∗ (p)
ij (k) = λ
∗ (p)
ij (−k) (10)
as well as the creation and annihilation operators satisfy[
a(p)(k) , a
†
(p′)(k
′)
]
= δpp′ δ
3(k− k′). (11)
It is trivial to check that, defining the fields
u(τ, k)
.
= γ(p)(τ, k)zT , zT
.
=
Mp
2
(
a
cT(t)
)
(12)
the equation of motion reads:
d2u
dτ2
+
(
c2T k
2 − 1
zT
d2zT
dτ2
)
u = 0 (13)
In what follows we work under the following conditions. First of all we fix a background slow roll dynamics requiring
that |H˙|  H2. So we define the slow roll parameters
1
.
= − H˙
H2
. (14)
i>1
.
=
d log i−1
d log k
' ˙i
Hi
. (15)
with 0 < 1  1 in such a way that the Null Energy Condition (N.E.C) is preserved and |i>1|  1. Moreover we
also assume the variation of the propagating speed per Hubble time to be small, defining the similar parameters
T1
.
=
c˙T(t)
H c(T )
, (16)
5Ti>1
.
=
d log Ti−1
d log k
' ˙
T
i−1
HTi−1
, (17)
with |T1 |  1 and |Ti>1|  1. In this way one can show that
1
zT
d2zT
dτ2
' 1
a
d2a
dτ2
' 2
τ2
(18)
at least corrections of order  (see Appendix A for further details). Moreover it is also easy to check that one can
define a new wave vector k˜ .= cT(t)k that can be regarded as constant in the conformal time since its derivative is of
order T1 . At the end of the game, unless corrections of order , we can write our equation as
d2u
dτ2
+
(
k˜2 − 2
τ2
)
u = 0 (19)
with the solution (obtained fixing the Bunch-Davies vacuum)
u(τ, k˜) =
e−ik˜τ√
2k˜
(
1− i
k˜τ
)
. (20)
A more detailed derivation of this solution is given in appendix A. Interestingly, this is exactly the standard solution
with k → k˜ .= cT(t) k therefore, in presence of a non-trivial propagating speed cT, the primordial tensor and scalar
spectra at a given scale k are written as [9, 76, 85] :
PT(k) = 2
M2ppi
2
H2
cT
(
cTk
aH
)−21−T1
(21)
PS(k) = 1
8pi2M2p
H2
1
(
k
aH
)−21−2
(22)
III. GENERALIZED CONSISTENCY RELATIONS
In this section we are going to derive some consistency relations among the inflationary parameters and the prop-
agating speed cT. It is well known that the standard slow roll paradigm of inflation predicts a set of consistency
relations that relate the scalar and tensor parameters [42]. As we are going to see, the effects of a non-trivial prop-
agating speed during inflation are encoded in the inflationary parameters and translated into different consistency
relations with respect to the standard case. Future detection of the tensor spectrum and a consequent test of these
consistency relations can be therefore used to constrain the propagating speed cT testing possible deviations from GR
on the inflationary energy scales.
Because of the propagating speed cT, the scalar and tensor perturbations now exit the horizon at different scales. In
fact the tensor perturbation will cross the horizon at cTk = aH while the scalar perturbation will cross the horizon4
at k = aH. Deriving the primordial spectra, we can compute the scalar and tensor tilts:
nS − 1 .= d logPS
d log k
∣∣∣∣
k=k∗
= −21 − 2 +O(2) (23)
nT
.
=
d logPT
d log k
∣∣∣∣
k=k∗
= −21 − T1 +O(2) (24)
where k∗ is the pivot scale and the expressions above hold both for k∗ = aH and for k∗ = aHcT at least of corrections
of order O(2) and therefore negligible.
4 We are considering the case of a scalar speed cS = 1
6As concerns the scalar and tensor amplitudes, also in this case they do not depend drastically on the pivot scale,
in fact:
PT
∣∣∣∣
k∗= aHcT
=
2
M2ppi
2
H2
cT
' 2H
2
M2ppi
2
(cT)
nT−1 = PT
∣∣∣∣
k∗=aH
(25)
PS
∣∣∣∣
k∗= aHcT
=
(cT)
1−nS
8pi2M2p
H2
1
' 1
8pi2M2p
H2
1
= PS
∣∣∣∣
k∗=aH
(26)
and so the tensor-to-scalar ratio r .= PT(k∗)PS(k∗)
r
∣∣∣∣
k∗= aHcT
= 161 (cT)
nS−2 ' 161
cT
' 161 (cT)nT−1 = r
∣∣∣∣
k∗=aH
(27)
In the equations above we have used the fact that we measure nS ' 0.96 [17] and we expect |nT|  1. The same
results should be obtained computing the scalar and tensor spectra at their respective (different) exit scales. Since
we proved that the choice of the pivot scale is not crucial, in this work we will adopt the conventional pivot scale
k∗ = aH = 0.05 Mpc−1 unless specified differently.
A first obvious consequence of a non-trivial propagating speed is that the amplitude of the tensor spectrum does
not fix anymore the energy scale of inflation directly. In fact in the standard case PT ∝ H2 ∝ ρinf while from equation
(25) we see that PT ∝ H2cT .
A more interesting effect of a (slightly) time dependent propagating speed is that the expression for the tensor tilt
nT acquires a term T1 with respect to the standard case. The sign of nT now depends on the parameter T1 that
quantifies the variation of cT in a Hubble time. In fact, if we consider Eq. (24) we see that5 if during the inflation
the propagating speed increases or remains constant in time (T1 ≥ 0) the tensor tilt is red (nT < 0). If instead the
propagating speed reduces in time (T1 < 0), the sign of nT depends on the magnitude of T1 . For −21 < T1 < 0 the
dismissing is enough small to ensure a negative tensor tilt while for T1 < −21 the dismissing is translated into a blue
tensor tilt nT > 0. As we will discuss in section IV, a positive tensor tilt would amplify the PGWs production on small
scales and this is why we can use small scale experiments (such as LIGO and VIRGO) to constrain the propagating
speed.
Moreover, as one can see from (24) and (27), also the usual consistency relation r = −8nT is violated in presence
of a non-trivial propagating speed. In practice, however, there are many ways to violate the consistency relation
between r and nT that do not imply a deviation form GR. This means that, if a violation of the consistency relation
r = −8nT is observed, we need a way to recognize if such violation is due to a non-trivial tensor propagating speed
during inflation or not.
As we are going to show we can derive a set of consistency relations among the inflationary parameters and the
propagating speed cT(t). For simplicity we suppose that, during inflation, cT increases or decreases linearly with time,
so that:
c¨T(t) ' 0. (28)
In other words, we take into account only the linear term in the Taylor expansion of cT(t). This (reasonable)
approximation is not crucial for our results, but simplifies the relations we are going to derive (we discuss scenarios
beyond the assumption of linear time evolution for the tensor propagating speed in Appendix B).
To relate the propagating speed cT to the inflationary parameters we introduce the scalar and tensor runnings
αS
.
=
dnS
d log k
∣∣∣∣
k=k∗
= −212 − 23 (29)
αT
.
=
dnT
d log k
∣∣∣∣
k=k∗
= −212 − T1 T2 (30)
5 Remember that 1 > 0 to ensure the Null Energy Condition.
7because of (28), T2 can be calculated from its definition (17):
T2
.
=
˙T1
HT1
=
1
HT1
d
dt
c˙T
HcT
=
1
HT1
[
1
c˙T
cT
− c˙
2
T
Hc2T
]
= 1 − T1 (31)
that gives for αT:
αT = −212 − T1
(
1 − T1
)
(32)
Equations (23) (24) (27) (29) and (32) can be reversed together to obtain.
1 =
1
16
(r cT) (33)
T1 = −nT −
1
8
(r cT) (34)
2 = 1− nS − (r cT) (35)
3 =
αS
nS − 1 + (r cT) −
1
8
(r cT) (36)
Using the above equations in αT one obtains:
αT = n
2
T +
5
128
(r cT)
2
+
1
8
(r cT)
[
(nS − 1) + 5
2
nT
]
. (37)
Equation (37) is a consistency relation between nS, nT, αT and cT that generalizes the usual slow roll relation. Note
that we can obtain as many relations as we want, for example considering also the running of running βT
βT
.
=
dαT
d log k
∣∣∣∣
k=k∗
= −2122 − 2123 − T1
[(
1 − T1
)2
+ 12 − T1
(
1 − T1
)]
(38)
it is easy to see that, using (33), (34), (35), (36) and solving Eq. (37) for cT one obtains a consistency relation
βT = βT(nS , αS, r , nT , αT). This can be trivial generalized to all orders following the procedure described in [42]
for the standard case. It is however more interesting to study some limits of Eq. (37) .
A. The limit T1 → 0 (i.e. cT = Const.)
The limit T1 = 0 describes a constant propagating speed non necessarily equal to the speed of light. Because of
(34) we have
cT =
−8nT
r
(39)
Using Eq. (39) in the consistency relations (37) we obtain:
αT = n
2
T − nT (nS − 1) (40)
That is the same consistency relation between nT, αT and nS than in the standard slow roll case [42]. Similarly the
equation for βT
βT = nT (αT − αS) + α
2
T
nT
(41)
is the same than the standard slow roll. This mean that if during inflation cT = const. 6= 1, the consistency relation
between r and nT will be violated but all the other consistency relations will be preserved. If together with T1 = 0
we fix also cT = 1 (recovering the standard GR prescriptions) the relation r = −8nT as well as all the other standard
slow roll results will be restored.
8B. Limit cT → 1 at the end of inflation
For completeness we briefly discuss another interesting case in which at the horizon crossing the propagating speed
reaches the value cT ' 1 even with a non vanishing T1 6= 06. In this case we have to simply put cT = 1 in the equation
(37) obtaining
αT = n
2
T +
5
128
r2 +
r
8
[
(nS − 1) + 5
2
nT
]
(42)
that is different form the standard slow roll relation (40). In fact being T1 6= 0 because of Eq. (34) also nT 6= −r8 .
This means that a time variation of cT can leave a trace even if at the horizon exit the usual GR condition cT = c = 1
is restored. We conclude that, together with the propagating speed cT, another interesting parameter to analyze is
T1 .
IV. CONSTRAINTS
So far we have derived a set of consistency relations that generalize the standard slow roll relations introducing
a non-trivial tensor propagating speed cT(t). We have shown that the propagating speed can be related to the
inflationary parameters which means that they can be used to constrain the propagating speed itself and to test
possible deviations from GR at the high energy scales of inflation.
In this section, we discuss the constraints coming from present cosmological data and imposing the generalized
consistency relations that we have derived in section III. The theoretical model is calculated using the latest version of
the Boltzmann code CAMB [86, 87] and we use the python sampler Cobaya [88] to extract cosmological constraints.
The posteriors of our parameter space have been explored using the Monte Carlo Markov-Chain (MCMC) sampler
developed for CosmoMC [89, 90] and tailored for parameter spaces with a speed hierarchy which also implements the
"fast dragging" procedure described in [91]. The convergence of the chains obtained with this procedure is tested
using the Gelman-Rubin criterium [92] and we choose as a threshold for chain convergence R− 1 . 0.01. To compare
current data with our theoretical model, we employ the Planck’s 2018 temperature and polarization likelihood which
also includes low multipoles data (` < 30) [93] combined with the lensing likelihood of Planck’s 2018 data release based
on temperature and polarization lensing reconstruction [94] and the CMB power spectrum likelihood of Bicep2/Keck
Array X (BK15) [18] . We report the results coming from our MCMC sampling in section IVA.
In section IVB we will instead focus on the constraints from small scale experiments (namely the LIGO/VIRGO
upper limit on the stochastic gravitation waves background, that we denote with LV). In fact, for a blue tilted
spectrum, the stochastic background of primordial gravitational waves ΩGW can be strongly amplified on small scales
and we can use the small scales experiment data on the stochastic background to constrain the propagating speed and
its time variation. Finally in section IVC, we combine the CMB data and the LIGO/VIRGO bound on the stochastic
background to improve the final constraints on the inflationary parameters.
A. Constraints from CMB
In this subsection we present the results of our MCMC analysis. Let us start by noting that the Boltmann integrator
CAMB [86, 87] employs the standard power law parameterization of the primordial scalar and tensor power spectra
i.e. :
PCAMBS (k) = ACAMBS
(
k
k?,S
)nS−1+ 12 αS log(k/k?,S)
(43)
PCAMBT (k) = ACAMBT
(
k
k?,T
)nT+ 12 αT log(k/k?,T)
(44)
where k?,T and k?,S are the tensor and scalar pivot scale and the tensor-to-scalar ratio is defined as rCAMB =
PCAMBT (k?,T)/PCAMBS (k?,S). While the inclusion of a non-trivial tensor propagating speed leaves unchanged the
6 This is possible if for example the initial propagating speed was smallest than the speed of light and, at some point, it starts constantly
increasing (T1 > 0) to reach the value cT ' 1 at the horizon exit.
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Figure 2: Marginalized 2D and 1D posterior for the combination of Planck 2018 [93, 94] and Biceps/Keck 2015 [18]
data for the parameters of the tensor spectrum and their combination with the LIGO/VIRGO upper limit on the
stochastic background amplitude [34, 35] (P18+BK15+LV).
scalar spectrum, it impacts the tensor spectrum by rescaling its amplitude of a factor cnT−1T . We therefore modify
CAMB in order to include this correction by rescaling rCAMB accordingly (i.e. r = r0.05 = rCAMBcnT−1T ) and
calculating the amplitude of the spectra at the same pivot scale k?,T = k?,S = aH = 0.05 Mpc−1. This choice
ensures that r is calculated to a well-defined scale and allows our constraints to be directly compared with the results
reported by the Planck collaboration [17, 96]. In our MCMC analysis we consider the six parameters of the standard
ΛCDM model i.e. the baryon ωb
.
= Ωb h
2 and cold dark matter ωc
.
= Ωc h
2 energy densities, the angular size of
the horizon at the last scattering surface θMC, the optical depth τ , the amplitude of primordial scalar perturbation
log(1010AS) and the scalar spectral index nS. As discussed in the introduction, the inclusion of the tensor and scalar
runnings may significantly enhance the constraints on the parameters describing tensor spectra from current data.
Therefore, along with the six standard ΛCDM parameters, we also include in our analysis the scalar running αS,
the tensor-to-scalar ratio r, the tensor spectral index nT, the tensor running αT, the propagating speed cT and the
parameter T1 that quantifies its time variation per Hubble time. Instead of directly sampling these parameters (as
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Figure 3: Marginalized 2D and 1D posterior for the combination of Planck 2018 [93, 94] and Biceps/Keck 2015 [18]
data (P18+BK15) for the first and second order slow parameters and their combination with the LIGO/VIRGO
upper limit on the stochastic background amplitude [34, 35] (P18+BK15+LV).
it is commonly done, see e.g [17, 96]) we choose to do the MCMC sampling using, along with the standard ΛCDM
parameters, the following four {cT , 161, T1 , 3} and to derive the value of the tensor and scalar runnings from the
generalized consistency relations introduced in section III. The flat priors7 on our parameter space are reported in
tab I.
In Tab.II we show the constraints on the parameters from the combination of Planck and Biceps/Keck data while
in Fig.2 we report their 68% and 95% contour plots. A first aspect we would like to stress is that our results confirm
that a non-trivial time-dependent propagating speed does not alter the constraints on the scalar parameters from the
Planck data (which assumes cT = 1) as expected from our theoretical discussion.
As concerns the inflationary tensor parameters, the tensor propagating speed cT is only weakly constrained with
the 95% C.L. contours showing a preference for cT & 0.18. This is expected since the CMB data only constrain the
7 We decided to conservatively explore only the region cT ≤ 1 leaving the parameter space of superluminal velocities unexplored.
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Parameter Prior
Ωbh
2 [0.005 , 0.1]
Ωch
2 [0.001 , 0.99]
100 θMC [0.5 , 10]
τ [0.01 , 0.8]
log(1010AS) [1.61 , 3.91]
nS [0.8 , 1.2]
cT [0.01 , 1]
16 1 [0 , 1]
T1 [−0.5 , 0.5]
3 [−0.5 , 1]
Table I: List of the parameters used in the MCMC sampling and their external flat priors assumed in section IVA.
In section IVC we sampled the same parameters with the same external priors except for T1 on which we also
impose a Half-Gaussian prior to include LIGO/VIRGO data on the stochastic background [34, 35]
P18+BK15 P18+BK15+LV
Ωbh
2 0.02242± 0.00015 0.02241± 0.00015
Ωch
2 0.1200± 0.0012 0.1200± 0.0012
τ 0.0566± 0.0076 0.0564± 0.0079
ln(1010AS) 3.051± 0.015 3.050± 0.016
r < 0.0961 < 0.0599
nS 0.9645± 0.0044 0.9646± 0.0044
αS −0.0067± 0.0067 −0.0069± 0.0069
nT 0.20
+0.27
−0.13 −0.084+0.10−0.047
αT 0.087
+0.049
−0.098 0.0141
+0.0035
−0.021
cT > 0.178 > 0.219
T1 < 0.203 0.082
+0.047
−0.11
χ2 3530 3530
Table II: Constraints on parameters are at 1σ level (68% C.L.) while upper bounds are at 2σ (95% C.L.) for the full
Planck 2018 likelihood [93, 94] and Biceps/Keck 2015 B-mode [18] likelihood with and without the inclusion of the
prior on T1 coming from LIGO/VIRGO data [95]
amplitude of tensor perturbations AT = r AS = 161AS cnT−1T . Then Planck data are only able to bound the product
1 cT and since they prefer a tensor amplitude consistent with zero this leads to a weakly constrained propagating
speed of tensor perturbations and only an upper bound can be placed on the tensor-to-scalar ratio r < 0.096 at 95%
C.L. Nevertheless we can derive the upper bound T1 < 0.203 at 95% C.L. on the parameter that quantifies the time
dependence of cT. The fact that the region T1 < 0 is essentially unconstrained from the Planck data is translated
into the fact that the tensor tilt can assume large positive values as well as the tensor running αT.
We note that the bound we derive on the tensor-to-scalar ratio is ∼ 60% worse with respect to the results obtained
from a combination of Planck and Biceps data without considering the runnings of the tensor spectrum. Conversely,
the bound on the tensor spectral index nT is significantly improved. In particular, −0.23 ≤ nT ≤ 0.54 at 95% C.L.
showing an improvement of a factor of two in the negative tail and a factor of five improvement in the positive tail
in place of the Planck results of −0.55 ≤ nT ≤ 2.54. This situation is again a direct consequence of considering a
non-vanishing tensor running and imposing the generalized consistency relation (37). When αT is non-zero the tensor
spectrum acquires a term ∼ αT log2 k leading to a growth on small scales (high k). The freedom in nT is so partially
transferred to αT that results to be almost of the same order of magnitude than nT. Moreover from Eq.(38) one can
also derive a constraint on the second-order tensor running βT that we found to be βT = 0.060+0.046−0.093 at 68% C.L. (i.e.
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again of almost the same order than nT and αT)8 This shows that also the constraints from the CMB data can be
sensitive to the higher-order terms in the primordial spectra, enforcing the importance of a proper parametrization
to correctly describe their small scale behavior. Indeed, such large positive values of nT (and its runnings) would
amplify the production of PGWs at small scales and possibly lead to an amplitude ΩGW higher than the current
LIGO/VIRGO bound at kLV . As we describe in detail in the following section, the LIGO/VIRGO constraints on the
stochastic background can be used to put tight constraints on the small scale behavior of the tensor spectrum.
For completeness we also report the bound on the standard slow roll parameters that can be derived accordingly to
the consistency relation derived in section III. We obtain the following constraints from the combination P18+BK15:
1 < 0.0046 (95% C.L) (45)
2 = 0.0334± 0.0046 (68% C.L) (46)
3 = 0.22± 0.23 (68% C.L) (47)
in very good agreement with the results of the Planck collaboration [96]. We show the 2D marginalized contours plots
and 1D marginalized posterior distributions of these parameters in fig 3.
B. Constraints from small scale experiments on Gravitational Waves
In this subsection, we are going to derive constraints on the inflationary parameters discussed in this work from
small scales data. If during inflation the propagating speed of gravitational waves decreases enough (i.e. if T1 is
negative enough), the tensor tilt can become blue amplifying the Primordial Gravitational Waves production on small
scales. As we stated in the introduction, small scale experiments on gravitational waves such as LIGO/VIRGO and,
in future, LISA and Einstein Telescope (ET), are sensitive to the stochastic background, ΩGW and can be used to
improve the constraints on the inflationary parameters. In particular Eq.(3) provides a rough estimation of the upper
bounds we can set on the blue tensor tilt from small scale experiments, see figure 1. However Eq.(3) has been derived
assuming that the power law expansion holds from the CMB scales all the way up to the small scales probed by the
ground based interferometers that are separated from the CMB scales by a factor of 1018 in k. We have already
said that on such small scales the higher order corrections due to the tensor runnings can be non negligible and
that should be included in the analysis [29]. Therefore in this subsection we generalize the parametrization of the
primordial tensor spectrum to the following expansion:
PT(k) = r As
(
k
k∗
)nT(k∗)+∑∞n=1 αTn (k∗)(n+1)! [log( kk∗ )]n
(48)
We recall that the amplitude of the primordial scalar spectrum is measured to be As
.
= Ps(k∗) ' 2× 10−9 [17]. Here
we adopt the notation9:
αTn (k∗)
.
=
(
d
d log k
)n
nT(k)
∣∣∣∣
k=k∗
(49)
for the n-order tensor running10.
In order to estimate the higher order contributions given by the sum (48), we work under the following assumption:
we consider the tensor parameters dominated by the time variation of the propagation speed through the parameter
T1 in such a way that:
nT = −21 − T1 ' −T1 (50)
and consequently because of Eq. (31)
αTn
.
=
(
d
d log k
)n
nT ' n!
(−T1 )n+1 ' n! (nT)n+1 (51)
8 These results are consistent with the relation βT ' 2n3T ' 2α
3/2
T , discussed in section IVB.
9 In this notation αT ≡ αT1 and βT ≡ αT2
10 In what follows we will avoid to specify that the spectral tilt and the runnings are computed on the pivot scale k∗ and, simplifying the
notation, we will only write nT and αTn .
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This approximation is in great accordance with the results derived in the previous section as it is possible to see from
figure 4. In the left panel we plot the constraints in the plane (nT , T1 ) while in the middle and right panels of the
same figure we plot the constraints on the first two runnings (i.e. αT1 ≡ αT and αT2 ≡ βT) in the planes (nT , αT) and
(nT , βT), respectively. As one can see from the left panel the linear relation (50) between nT and T1 is confirmed
and the impact of the parameter 1 is in fact negligible. The middle and right panels, instead validate the relation
(51) between the runnings and the tensor tilt (or equivalently between the runnings and T1 ). In fact we see that
αT ' (nT)2 '
(
T1
)2 while βT ' 2 (nT)3 ' 2 (−T1 )3, that is exactly what we expect from Eq. (51). Therefore when
T1 is negative not only the tensor tilt is blue, but also the runnings are positive. This amplifies the PGWs production
on small scales allowing us to further improve the constraints on the inflationary parameters.
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Figure 4: Marginalized 2D posterior in the planes (nT , r) and (αT , r). The blue contours are derived from the
combination of Planck 2018 [93, 94] and Biceps/Keck 2015 [18] data (see section IVA) while the red contours
include also the LIGO/VIRGO data on the stochastic background [34, 35] (see section IVC). The yellow dashed
lines represent the relations (50) and (51) we used to derive the small scale constraints in section IVB.
At the end of this section we will come back to further discuss the validity of our approximation.
Since we are going to constrain the region of the parameter space T1 < 0 it is convenient to use −T1 = |T1 |. Putting
(50) and (51) into (48), we can estimate the sum
ΩGW(k) =
r AS
24zeq
(
k
k∗
)− log(1−|T1 | log( kk∗ ))
log( kk∗ ) . (52)
Reversing the equation above:
|T1 | =
1− r AS24zeq
ΩGW(k) log
(
k
k∗
) . (53)
As we said, in the frequency range f ∈ (20− 85.8) Hz, which corresponds to the wave-number range kLV ∈ (1.3− 5.5)×
1016 Mpc−1, the LIGO and VIRGO data set an upper bound on the the stochastic background given by Eq.(1). Using
Eq.(53), this can be translated into the lower bound:
T1 ≥ −
1− r AS24zeq ΩGW(kLV)
log
(
kLV
k∗
) ' −0.0249 + (3.5× 10−9) r (54)
In other words, the LIGO/VIRGO limit on the stochastic background (1) sets a very interesting and stringent lower
limit on T1 that is completely insensitive from the value of the tensor-to-scalar ratio r. Equivalently Eq. (54) puts a
stringent upper limit on the blue tensor tilt
nT . 0.025 (55)
We plotted the LIGO/VIRGO limit on T1 in figure 5. As one can see comparing the upper bound (55) with those
plotted in figure 1, once that higher order corrections (i.e. the tensor runnings) are included in the analysis we can
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Figure 5: Marginalized 2D posterior for the combination of Planck 2018 [93, 94] and Biceps/Keck 2015 [18] data in
the plane (r, T1 ). The red region is excluded by the LIGO/VIRGO data on the stochastic background of GWs (see
section IVB).
improve the final constraints of more than one order of magnitude. The constraints on T1 can also be translated into
constraints on cT. In fact, since we are focusing on the linear terms in cT amusing that c¨T ' 0, we can easily integrate
the equation
cT(t)− cT(ti) .=
∫ t
ti
c˙T dt = c˙T (t− ti) = T1 cT(t) ∆N (56)
where ∆N = H∆t is the total number of e-fold between the initial time ti (when cT starts to decrease) and the time
t. So cT reads:
cT =
cT(ti)
1− T1 ∆N
. (57)
Assuming cT(ti) = 1 and that cT constantly decreases for all the ∆N ' 60 e-folds of inflation, the LIGO/VIRGO
constraint on T1 implies
cT & 0.4 (58)
that is consistent with the 2D marginalized posteriors shown in fig 2 where values of cT smaller than 0.4 times the
speed of light seem to be disfavored, at least within the 68% C.L. contours.
Even if our results are derived under the approximations (50) and (51), we have already shown that the analysis
performed in the previous section confirm their validity. However it is worth to additionally prove the robustness of
our results. The shape of the tensor tilt plotted in figure 4 and, in general, the validity of our approximation can be
further understood as follows: using Eq. (27), we see that the value of 1 is fixed by the value of cT and r:
1 =
r
16
cT .
r
16
(59)
where in the last inequality we have used that cT . 1. From the CMB data we know that r is constrained to be
very small, if for example we fix the tensor-to-scalar ratio to r ∼ 10−2, we immediately see that 1 ∼ 10−4 and11
11 Using the Eq. (23) and the fact that ns ' 0.96 [17]
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2 ∼ 10−2. So for |T1 | ∼ 10−2 (i.e. the order of the limit we derived from the LIGO and VIRGO data), comparing
the terms involved in the generic n order running:
|T1 | (1)n ∼ 2 (1)n ∼ 10−2(2n+1) (60)
1 (2)
n ∼ 1
(|T1 |)n ∼ 10−2(n+2) (61)(|T1 |)n+1 ∼ 10−2(n+1) (62)
we find that αTn ' n!
(−T1 )n+1 unless corrections that are at least two order of magnitude smaller. The approximation
is even better for smaller r while it is trivial to see that it is still valid for the whole range of r explored in our MCMC
analysis as figure 4 confirms. This proves the robustness of our results, definitively. Before concluding this section
we want to briefly discuss another interesting aspect, namely the constraints on T1 from the next generation of
gravitational waves experiments such as LISA and ET. We recall that LISA is expected to have a sensitivity to the
stochastic background ΩGW(kLisa) ' 1 × 10−12 on scales kLisa ≈ 1 × 1013 [38] while for the Einstein Telescope we
expect a sensitivity of ΩGW(kET) ' 3× 10−13 on scales kET ≈ 5× 1015 [41]. If we use the equation (53) we see that
the smallest T1 to which the future experiments will be sensitive are
T1 ' −0.0324 +
(
6.6× 10−4) r for LISA (63)
T1 ' −0.0255 +
(
2.1× 10−3) r for ET (64)
This means that, according to our estimation, future experiments cannot improve the LIGO/VIRGO constraints on
T1 , at least in the simplest framework discussed in this paper.
C. Combined constraints from CMB and Small scale experiments
As we discussed in section IVA, the LIGO/VIRGO limit on the stochastic background amplitude reduces signifi-
cantly the allowed parameter space for T1 (see also Fig. 5). Therefore, it is worth combining this small scale bound
(54) with CMB data. We include the LIGO/VIRGO upper bound as a half-Gaussian prior on T1 and we sample the
same parameter space using the same method and the same priors than those considered in section IVA. In Tab.II
we give the constraints on the parameters from a combination of Planck and Biceps/Keck with the LIGO/VIRGO
constraints, while in Fig.2 we report their 68% and 95% C.L. contour plots. As one can see neither the inclusion
of the small scale data is enough to derive precise constraints on the primordial tensor speed that we found to be
cT > 0.22 at 95% C.L.. Nevertheless, a proper parameterization of the small scale behavior of the tensor spectrum
allows us to set tight constraints on its time dependence parameter T1 = 0.082
+0.047
−0.11 at 68% C.L. and consequently
on the other inflationary parameters. In particular, we constrain the tensor-to-scalar ratio r < 0.0599 at 95% C.L.,
which is in perfect agreement with the constraints derived by the Planck collaboration [17]. We also constrain the
tensor tilt to be nT = −0.084+0.10−0.047 at 68% C.L. and its running αT = 0.0141+0.0035−0.022 always at 68% C.L. These con-
straints show an improvement of more than an order of magnitude with respect to those derived in section IVA only
from the Planck and Biceps/Keck data. Moreover using (38) we can obtain derived constraints on the second-order
running βT, namely βT = −0.0061+0.011−0.0027 at 68% C.L., again one order of magnitude better than our estimation
provided in section IVA. For completeness we report also the constraints on the other slow roll parameters that can
be derived accordingly to the consistency relation discussed in section III. We obtain the following constraints from
the combination P18+BK15+LV:
1 < 0.00276 (95% C.L) (65)
2 = 0.0347± 0.0046 (68% C.L) (66)
3 = 0.21± 0.22 (68% C.L) (67)
Our almost model-independent constraints12 on the inflationary parameters reduce significantly the parameter space
allowed for models of inflation with non-trivial tensor speed. Indeed the positive (negative) values of nT (αT) are now
very tightly constrained (see also Fig. 6). This means that a future detection of a large positive (negative) tensor
tilt (running), allowed by the present bounds once that the generalized consistency relations are relaxed, cannot be
brought back to a time variation of the primordial tensor speed, as our results proved. Besides, thanks to the great
12 We remember that we have only assumed slow roll inflation and a possible slow time variation of the primordial tensor speed.
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improvement in the constraints derived combining the CMB and small scales data, one can better test gravity on the
inflationary energy scale. We would like to stress that the generalized consistency relations obtained in section III
and assumed in our MCMC analysis, generalize the standard slow roll relations that we prove to be recovered when
the GR prescriptions cT = 1 and T1 = 0 are restored. As any departure from these prescriptions would imply physics
beyond GR on the inflationary energy scales, it is important to check the consistency between the constraints and
the standard slow roll predictions in the GR framework. Let us start noting that the condition T1 = 0 that ensures
a constant propagating speed cT is consistent with our constraints within one standard deviation. Moreover in figure
6 we plot the 2D marginalized contours at 68% and 95% C.L. in the planes (nT , r) and (αT , r). The standard
consistency relations, yellow dashed lines in the figure, are consistent with our constraints and, above all when the
small scale limit (1) is included, and no significant deviations are observed.
We can, therefore, conclude that our results, even not strong enough to definitively exclude departures from GR
on the inflationary energy scales, set interesting constraints on the inflationary models with non-trivial tensor speed,
significantly reducing the allowed parameter space for such models. Moreover, they show remarkable accordance
between the current data and the standard predictions expected in a GR slow roll scenario. In particular only
deviations from GR of the order of few × 10−1 are allowed combing large and small scale data for models with
non-trivial tensor speed (see Fig. 6)
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Figure 6: Marginalized 2D posterior in the planes (nT , r) and (αT , r). The blue contours are derived from the
combination of Planck 2018 [93, 94] and Biceps/Keck 2015 [18] data (see section IVA) while the red contours take
into account the LIGO/VIRGO data on the stochastic background [34, 35] (see section IVC). The yellow dashed
lines represent the standard slow roll relations in the GR limit i.e. cT = 1 and T1 = 0.
V. CONCLUSION
In General Relativity the propagating speed of gravitational waves is predicted to be equal to the speed of light
and the ground-based interferometers have measured it to be consistent with the GR prediction within a good level
of precision on the astrophysical scales [67–69]. Nevertheless, the propagating speed of the so-called primordial
gravitational waves (i.e. the tensor modes sourced by the quantum inflationary fluctuations) are still essentially
unconstrained [70–76]. Albeit a direct detection of PGWs is still missing, the CMB data constrain their amplitude to
be much smaller with respect to the primordial scalar perturbations and constraints on the inflationary parameters
can be derived [17]. Moreover, also small scales experiments on Gravitational Waves, being sensitive to the stochastic
background [17, 34, 35], can be used together with the CMB data to improve these constraints. As any deviation from a
constant cT = c would imply physics beyond GR, constraining the propagating speed of PGWs and its time dependence
means to test gravity literally at the earliest moments when the inflation takes place. Using an effective field theory
approach we, therefore, introduced a time-dependent primordial propagating speed cT(t) during inflation, studying
its impact on the inflationary parameters. In section III, under the assumption of slow-roll inflation, we derived a set
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of equations that relate the propagating speed cT(t) and its time dependence to the inflationary parameters. These
relations generalize the usual consistency relations that are recovered when the GR prescription cT = c is restored.
Imposing the above mentioned generalized consistency relations we derived some model-independent constraints on the
inflationary parameters. In particular, we performed an MCMC analysis to compare current data with our theoretical
model. In section IVA we first derived some constraints from the Planck’s 2018 temperature and polarization
likelihood (which also includes the low multipoles data ` < 30) [93] combined with the lensing likelihood of Planck’s
2018 data release based on temperature and polarization lensing reconstruction [94] and the CMB power spectrum
likelihood of Bicep2/Keck Array (BK15) [18]. We report the results obtained from our MCMC sampling in Tab.II.
The CMB data alone is not sensitive enough to the primordial propagating speed cT to set a stringent constraint, but
they put an upper bound on its time variation per Hubble time T1 < 0.203 at 95% C.L. defined by Eq. (16). The fact
that the CMB data only set an upper bound on T1 is translated into the fact that large positive values of the tensor tilt
nT = 0.20
+0.27
−0.13 at 68% C.L. and its runnings αT = 0.087
+0.049
−0.098 at 68% C.L. are allowed. Nevertheless, as we discussed
in the introduction, this region of the parameter space can be more tightly constrained at shorter wavelengths as
those probed by ground-based interferometers. In figure (1) we plot the constraints from small scale experiments in
the plane (r , nT) derived under the assumption that the power-law expansion holds from the CMB scales up to
such small scales. However, due to the huge difference in the scales proved by CMB and GW data, non-linearities
may significantly affect the shape of the primordial spectrum possibly breaking the power-law assumption and the
higher-order terms (i.e. the tensor runnings) can lead to nonnegligible corrections. This is why in section IVB we
generalized the tensor spectrum parameterization to Eq. (48) including the runnings at any order. As our analysis
in section IVB proved, positive tensor tilt and positive runnings would strongly amplify the Primordial Gravitational
Waves production on small scales as those probed by LIGO and VIRGO. Therefore we used the LIGO/VIRGO upper
limit on the stochastic background Eq.(1) to derive a tight lower bound T1 & −0.025 that is translated into the upper
bound nT . 0.025 for the tensor tilt. We also used the limit on T1 to derive a lower bound for the propagating
speed cT. In fact excluding superluminal velocities and assuming a linear dismissing of the tensor speed for the whole
∆N ' 60 e-folds of inflation we find cT & 0.4 c. This result is consistent with the 2D marginalized posteriors shown in
fig 2 that at least within the 68% C.L. contours seem to prefer values of cT larger than 0.4 times the speed of light. As
shown in figure 5, once that the small scales constraints are considered, a large range of the parameter space allowed
by the CMB data becomes now excluded. Therefore in section IVC we decided to combine the constraints on small
scales with the constraints form the CMB performing a new MCMC sampling. To include the small scale bounds
derived in sec IVB, we introduced a Half-Gaussian prior on the parameter T1 . The results obtained combining the
CMB data and the LIGO/VIRGO data via the half-Gaussian prior on T1 are given in Tab. II. Even if neither the
inclusion of the small scale data is enough to derive precise constraints on the primordial tensor speed - that we found
to be cT > 0.22 at 95% C.L. - we set tight constraints on its time dependence parameter T1 = 0.082
+0.047
−0.11 at 68%
C.L. and consequently on the other inflationary parameters. In particular we constrain the tensor-to-scalar ratio at
the pivot scale k∗ = 0.05Mpc−1 to be r < 0.0599 at 95% C.L., that is in perfect agreement with the result derived by
the Planck collaboration [17]. Moreover we constrain the tensor tilt to be nT = −0.084+0.10−0.047 at 68% C.L., its running
αT = 0.0141
+0.0035
−0.021 at 68% C.L. and its running of running βT = −0.0061+0.011−0.0027 at 68% C.L.. These constraints show
an improvement of more than an order of magnitude with respect to those derived in section IVA considering only
the Planck and Biceps/Keck data. The constraints we derived in this paper on the inflationary parameters reduce
significantly the parameter space allowed for models of inflation with non-trivial tensor speed. Being the positive
(negative) values of nT (αT) very tightly constrained (see also Fig. 6) a future detection of a large positive (negative)
tensor tilt (running) - allowed by the present bounds once that the generalized consistency relations are relaxed -
cannot be brought back to a time variation of the primordial tensor speed. Moreover, this improvement in constraints
derived combining the CMB and small scale data, allows us to better test gravity on the inflationary energy scale: we
have checked the consistency between our constraints and the standard slow roll predictions in the GR framework.
The GR prescription T1 = 0 that ensures a constant propagating speed cT is consistent with our results within one
standard deviation. Moreover, also the standard consistency relations are perfectly consistent with our constraints,
above all when the small scale bounds are included (see also fig 6). Since no significant deviations form the standard
slow roll predictions are observed, we conclude that even if our results cannot exclude departures from GR on the
inflationary energy scales, they significantly constrain models with non-trivial primordial tensor speed, showing good
accordance with the predictions excepted in a standard (GR) slow roll scenario. In the upcoming decade, a new
generation of CMB experiments (eg. BICEP3 [20], CLASS [21] , SPT-3G [22], Advanced ACTPol [23], LBIRD [24]
and CMB-S4 [25]) is expected to bring the sensitivity to the amplitude of tensor perturbations down to r ∼ 0.01−0.001
improving the current Planck upper limit around an order of magnitude and possibly leading to the first detection of
Primordial Gravitational waves. If so, the generalized consistency relations we derived and the analysis we performed
in this paper can be used to definitively check the slow roll predictions and to precisely test gravity on the inflationary
energy scales.
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Appendix A: Detailed derivation of PT with a time dependent cT(t)
For completeness in this appendix we review in more details the computation of the primordial tensor spectrum
with a non-trivial time dependent tensor speed cT, showing that under the assumptions |T1 |  1, the solution of (13)
is given by the Eq. (20). First of all, keeping in mind that
d a(t)
dτ
.
= a(t)
da(t)
dt
= a2(t)H (A1)
d a2(t)
dτ
= 2 a3(t)H2 +O(1) (A2)
we see that for zT (t) defined in equation (12) we have
d zT (t)
dτ
=
Mp
2
a(t)
d
dt
[
a(t)c−1T
]
(A3)
=
Mp
2
a(t)
[
a˙(t)c−1T − a(t)c˙T c−2T
]
(A4)
=
Mp
2
a(t)
[
a(t)Hc−1T − a(t)H c−1T
(
c˙T
H cT
)]
(A5)
=
Mp
2
a(t)2Hc−1T
[
1− T1
]
(A6)
=
Mp
2
d a(t)
dτ
c−1T
[
1− T1
]
(A7)
' Mp
2
d a(t)
dτ
c−1T (A8)
and
d2 zT (t)
dτ2
' Mp
2
[
d2 a(t)
dτ2
c−1T +
d a(t)
dτ
a(t)
d
dt
c−1T
]
(A9)
' Mp
2
[
d2 a(t)
dτ2
c−1T − Ta3(t)H2 c−1T
]
(A10)
' Mp
2
c−1T
d2 a(t)
dτ2
[
1− 
T
1
2
]
(A11)
' Mp
2
c−1T
d2 a(t)
dτ2
(A12)
Therefore the equation of motion (13) is equivalent to (19) unless corrections of order |T1 |  1. Now we want to
prove that u(τ, k˜) given by the equation (20) correctly solves Eq. (19). First of all, remembering that k˜(t) .= cT(t) k,
it is worth deriving the following relations:
d k˜
dτ
= −T1
k˜
τ
(A13)
d (k˜ τ)
dτ
= k˜
(
1− T1
) ' k˜ (A14)
d
dτ
(
e−i k˜ τ√
2k˜
)
' e
−i k˜ τ√
2k˜
[
−i k˜ + 1
4
T1
τ
]
(A15)
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where in (A13) we have used that in the de Sitter spacetime τ ' − (aH)−1. Now we take the following derivatives:
du
dτ
=
e−i k˜ τ√
2k˜
[
−i k˜ − 1
τ
(
1− 1
4
T1
)
+
i
k˜τ2
(
1− 1
4
T1
)]
(A16)
' e
−i k˜ τ√
2k˜
[
−i k˜ − 1
τ
+
i
k˜τ2
]
(A17)
and finally
d2 u
dτ2
' e
−i k˜ τ√
2k˜
[
−k˜2 + ik˜
τ
(
1 +
3
4
T1
)
+
2
τ2
(
1− 1
8
T1
)
− 2 i
k˜τ3
(
1− 1
8
T1
)]
(A18)
' e
−i k˜ τ√
2k˜
[
−k˜2 + ik˜
τ
+
2
τ2
− 2 i
k˜τ3
]
(A19)
' e
−i k˜ τ√
2k˜
(
1− i
k˜ τ
)
︸ ︷︷ ︸
u(τ,k˜)
(
2
τ2
− k˜2
)
(A20)
' −
(
k˜2 − 2
τ2
)
u(τ, k˜) (A21)
that is noting else that Eq. (19). Therefore, now that we have proved that (20) is the correct solution, the derivation
of the primordial spectra is trivial: it is sufficient to follow the standard procedure (see e.g. [9, 85]) with k → k˜ that
leads us to (25).
Appendix B: Beyond the linear order in cT(t)
In this paper we have derived some equations that relate the tensor propagating speed cT to the inflationary
parameters under the assumption that the second-order time derivative c¨T ' 0. In other words, expanding the
propagating speed cT(t) we have taken into account only the linear term. For completeness, we would like to briefly
discuss a little more complicated scenarios in which we consider also the higher-order terms in the Taylor expansion.
Let us see what happens including also the quadratic term c¨T: the relation (31) is modified as follows
T2
.
=
˙T1
HT1
= 1 − T1 + ηT (B1)
where we have to introduced the new parameter
ηT
.
=
c¨T
H c˙T
. (B2)
Neglecting the third order time derivative ...c T ' 0 we find
d ηT
d log k
=
1
H
d
dt
[
c¨T
H c˙T
]
= ηT (1 − ηT) (B3)
and αT and βT now will read
αT = −212 − T1
(
1 − T1 + ηT
)
(B4)
βT = −2122 − 2123 − T1
[(
1 − T1 + ηT
)2
+ 12 − T1
(
1 − T1 + ηT
)
+ ηT (1 − ηT)
]
(B5)
Note that considering the second order derivative of cT with respect to time provides a correction only to the runnings
and not to the spectral tilt that in fact is always given by eq (24). Moreover even considering the new term ηT a set
of consistency relations can always be derived. Indeed reversing (B4)
ηT =
(
1 − T1
)
+
αT + 212
T1
(B6)
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and using the equations (33), (34), (35), (36) and (B6), it is easy to see that Eq. (B5) still provides a consistency
relation for the propagating speed cT and the inflationary parameters. However in this case the relation will be cubic
in the slow roll parameters and will involve also the scalar running αs and the tensor running of running βT that
are not involved in the respective quadratic relation in the slow roll parameter (37) derived under the linear order
expansion of cT.
This procedure can be generalized at any order: if we expand cT(t) taking all the terms up to the order n and
assuming that
(
d
dt
)n+1
cT ' 0, we can always find a consistency relation between cT and the inflationary parameters.
This relation will include the scalar runnings up to αSn−1 and the tensor runnings up to αTn .
Clearly, to test the time dependence of cT beyond the linear expansion, we need an accuracy that we do not have
at present. We conclude that the choice to adopt the simply linear approximation for cT(t) is reasonable because it
allows us to test its time dependence without complicating the equations or introducing higher-order parameters that
will be difficult to constrain with the current cosmological data. We plan to do this in future work.
Appendix C: Extrapolating small scales constraints on cT
The constraints we have derived in section IVC on the the propagating speed cT clearly refer to its value on the
CMB scales being eqs. (25) and (26) evaluated at the horizon crossing. In this appendix, starting from the constraints
derived on the CMB scales, we want to extrapolate constraints on cT at generic scale k including also the small scales
probed by the ground based interferometers that measure the propagating speed of the astrophysics gravitational
waves to be very close to the speed of light. We want to show that our constraints are in fact consistent with those
derived by the ground based interferomenters. Considering the expansion of log cT(k) we can write
cT(k) = c
CMB
T
(
k
k∗
)γ(k)
(C1)
where
γ(k) =
∞∑
n=0
[(
d
d log k
)n
T1
]
k=k∗
logn
(
k
k∗
)
(n+ 1)!
(C2)
Because of the discussion provided in sec IVB, we can estimate the derivatives of T1 as(
d
d log k
)n
T1 = (−1)nn!
(
T1
)n+1
(C3)
that gives for γ
γ = −T1
log(1− f(k))
f(k)
(C4)
where f(k) = −T1 log(k/k∗). Clearly this power low parameterization for the propagaing speed can be assumed as
long as the propagating speed cT ≤ 1. Nevertheless using the value derived for T1 ' 0.082, the lower bound for
cT & 0.22 on the CMB scale is translated into the constraints plotted in figure 7 at the generic scale k. As one can see
even on ultra-high k the power low expansion (C1) seems to provide reasonable values remarkably close to cT = c. In
particular on the LIGO/VIRGO scales we have cT(kLV) & 0.94 c that is in very good agreement with the constraints
on the propagating speed of gravitational waves derived on astrophysical scales. [67–69].
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Figure 7: Constraints on the propagating speed cT at the generic scale k extrapolate from the constraints on the
CMB scales fixing T1 = 0.082 and cT(k∗) > 0.2. Remarkably on the LIGO/VIRGO scales we can extrapolate the
lower limit cT(kLV) & 0.94, in perfect agreement with the constraints on the astrophysics GWs.
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